I review results on transport coefficients, spectral functions and charmonium in high temperature QCD, obtained using nonperturbative lattice QCD simulations. §1. Introduction
§1. Introduction
The relativistic heavy ion experiments at RHIC have made it clear that is important to understand real-time and nonequilibrium processes in the quark-gluon plasma. In this talk I focus on two developments, connected through the construction of spectral functions from lattice QCD correlators: charmonium in lattice QCD with two dynamical fermion flavours at high temperature and transport coefficients and spectral functions at small energies obtained via the Maximum Entropy Method. For more details and much more references I refer to a recent review. 1) §2. Charmonium What happens to heavy quark bound states when they are immersed in a quarkgluon plasma? New answers to this old question emerged a few years ago, mainly due to the analysis of spectral functions, constructed from euclidean lattice correlators using the Maximum Entropy Method (MEM). Spectral function studies of charmonium in quenched lattice QCD indicated that S wave states (J/ψ and η c ) may survive up to temperatures T ∼ 2T c , whereas P waves (χ c0 and χ c1 ) melt quickly after the deconfinement transition. 2)-4) An obvious question is to ask what will happen when the plasma contains quarks as well and is no longer just a gluon plasma. Below I report on work performed in a collaboration between Trinity College Dublin and Swansea addressing this point. 5) But first I want to start with a warm-up problem and consider meson correlators in vacuum. The UKQCD and RBC collaborations have recently used the domain wall formulation 6) of lattice fermions to generate ensembles with 2 + 1 flavours of dynamical fermions at zero temperature. 7) Together with Justin Foley, we have studied lattice spectral functions for chirally symmetric fermions (overlap, domain wall, overlap hypercube) analytically and have performed a MEM analysis of some of the UKQCD/RBC data. 8) Here I show one result from a spectral study on a lattice of size 16 3 × 32, with N s = 16 in the fifth dimension. In Fig. 1 (left) the pseudoscalar spectral function is shown as a function of energy ω, for three combinations of valence quark masses. Clearly visible are the narrow pion groundstate peaks. Also indicated, via the vertical dotted lines, are the groundstate masses obtained with conventional exponential fits. Both methods nicely agree. At larger energies a second broad bump appears. This might be a signal for (a combination of) excited states, but it can also be a lattice artefact due to the finite Brillouin zone on the lattice. With just one lattice spacing available it is currently not possible to distinguish these options. However, the second possibility is expected from free lattice fermion studies, where structure at energies 1 aω 3 is found. 8)-10) It will be necessary to do a similar analysis at a different lattice spacing to resolve this. Note that the lattice spacing is sufficiently small such that the physical groundstate is located at aω ∼ 0.4 1. I now turn to the study of charmonium at finite temperature. In order to have a sufficient number of lattice points in the euclidean time direction, mandatory for the application of MEM, highly anisotropic lattices were used. The tuning of the anisotropy is more involved in dynamical simulations compared to quenched calculations. 11) The ratio between the spatial and temporal lattice spacing ξ = a s /a τ is approximately equal to 6, with a s ≈ 0.165 fm. The critical transition takes place at N τ ∼ 32. Table I ). In Fig. 1 (right) the charmonium spectral functions are shown just above T c in four channels. In this case the separation between the first and second peaks at larger ω is not so clear as in the zero-temperature plot discussed earlier. This is partly due to the coarser lattice used in this study and partly due to being at finite temperature, which makes the MEM analysis more involved. However, we are confident that the first peaks are physical, since their positions agree with the groundstate masses obtained at zero temperature (with N τ = 80).
In Fig. 2 (left) the response in the vector channel (J/ψ) to a hotter environment is shown; the temperatures are T/T c = 1.05, 1.40, 1.68, 1.86 and 2.09. At the two lowest temperatures the peak structure is very similar, while at the highest temperature the groundstate peak has certainly disappeared. At the intermediate temperatures the pattern is not so clear. We conclude therefore that the J/ψ survives to at least T ∼ 1.4T c but has certainly melted at T ∼ 2T c . In Fig. 2 (right) a similar study is shown in the axial-vector channel (χ c1 ). However, the temperature range is much narrower: T/T c = 1.05, 1.08, 1.12, 1.16 and 1.20. We conclude that this state melts at much lower temperature. In fact, this is a general pattern that we find: S wave states survive to relatively high temperature, while P wave states melt quickly. This has also been observed in the quenched studies. 2)-4), 12) Maximum Entropy studies at finite temperature are difficult. One way to avoid MEM as much as possible is to use it only at the lowest temperature (with the largest value of N τ ) and use this information to extract information from euclidean correlators at higher temperature. For this we use the standard relation between a euclidean correlator G and spectral function ρ,
where the temperature dependence of the quantities involved is explicitly indicated. The temperature dependence of euclidean correlators arises from two sources: the uninteresting kinematical dependence in the kernel K and the interesting dynamical dependence in the spectral function. The kinematical effect can be eliminated by considering reconstructed correlators, 3) defined by
where T 0 is a reference temperature with large N τ (= 32 in our case). Any deviation of the ratio G(τ ; T )/G rec (τ ; T, T 0 ) from 1 will be due to changes in the spectral function (unfortunately the opposite is not true).
In Fig. 3 the ratio of the correlators and reconstructed correlators is shown as a function of euclidean time for the S waves (left) and the P waves (right) for a number of temperatures. While for the S waves the deviation from 1 is only a few percent, even for the highest temperatures considered here, for the P waves the deviation is much large and already present at low temperatures. Both results are consistent with the conclusions drawn from the spectral function analysis, but less reliant on MEM since it is only used at T/T c = 1.05. Also, the ratio is remarkably similar in quenched and dynamical simulations. 3), 12) §3. Transport I now move to the low-energy regime in spectral functions, relevant for hydrodynamical evolution in the QGP. As is well-known, Kubo relations relate transport coefficients (shear and bulk viscosity, conductivity, diffusion constants) to currentcurrent spectral functions at vanishing energy. For instance, the electrical conductivity, to be discussed below, is defined as σ = lim ω→0 ρ kk (ω)/6ω, where ρ kk (ω) is the expectation of the commutator of the EM current j k =ψγ k ψ at zero momentum.
Again the difficulty is to extract the spectral function, and in particular the low energy behaviour, from euclidean correlators. I now go a bit more in detail. 13) If G E (τ ) is determined numerically on a lattice with N τ = 1/aT points in the euclidean time direction (a is the temporal lattice spacing), the inversion of Eq. (2 . 1) is an ill-posed inversion problem, since G E (τ ) is known at, say, O(10) data points, whereas ρ(ω) is needed at O(10 3 ) values (after imposing a high-energy cutoff ω max and discretizing the resulting finite interval 0 < ω < ω max ). One possible solution is to provide an Ansatz for the spectral function, with a small number of free parameters. In this case it is important to be able to judge the applicability of the Ansatz. An orthogonal approach is to avoid giving functional forms but only supply a minimal amount of prior information, such as positivity (ωρ(ω) ≥ 0) and asymptotic behaviour (ρ(ω) ∼ ω n for large ω). Methods based on this approach are usually collectively referred to as Bayesian techniques. For a weakly coupled quark-gluon plasma, the extraction of transport coefficients is notoriously difficult, since euclidean correlators are remarkably insensitive to the structure of spectral functions at energies ω T . 14) In Fig. 4 (left) I show a sketch of the spectral function relevant for the conductivity in the hydrodynamic regime at weak and slightly stronger coupling. The interaction strength is parametrized by the collisional width Γ , which behaves as g 4 T at weak coupling. 15) At weak coupling the so-called transport peak is high and narrow: in that case the euclidean correlator is sensitive to the area under the curve but not to further details. However, at stronger coupling the transport peak is much broader and the small ω limit is no longer singular. This behaviour is also seen analytically in strongly coupled theories where such calculations are possible. In Fig. 4 (right) the same current-current spectral function is shown in N = 4 SYM at strong coupling, calculated in the context of gauge-gravity duality. 16), 17) Here the transport peak is completely gone and the spectral function behaves in a smooth manner for small ω. This lack of features is in fact an encouraging sign and opens up the possibility that transport coefficients are accessible in lattice QCD above the deconfinement transition.
So far the number of papers in the literature that have attempted to extract transport coefficients from the lattice in a head-on approach is very small. A first attempt to measure transport coefficients can be found in the pioneering paper by Karsch and Wyld, using an Ansatz. 18) This method was followed by Nakamura and Sakai for the shear and bulk viscosity. 19) For a critical discussion of the Ansatz, see Ref. 14). Gupta used Bayesian methods to isolate the transport contribution at small energies in the case of the electrical conductivity. 20) Recently two significant steps have been made. It was known from previous work that MEM performs poorly at small energies. We have identified and resolved a numerical instability in MEM in the limit that ω → 0 and applied the new formulation to obtain the electrical conductivity. 21) This will be discussed below. Precisely determined correlators are essential to have control over the analytical continuation; while for the electrical conductivity this is not a problem, for the shear and bulk viscosity standard measurement techniques are insufficient. Meyer has applied a two-level algorithm to better determine energy-momentum correlators and found a result for the shear 22) and bulk 23) viscosity (see also these proceedings 24) ). All calculations to date have been performed in quenched QCD, so one may think of the electrical conductivity in pure gauge theory as representing the transport properties of a single electrically charged quark diffusing through a gluon plasma.
I will now briefly describe the algorithmic progress made by us in the Maximum Entropy Method. In order to obtain ρ(ω) at N ω = O(10 3 ) values whereas the correlator is only known at N = O(10) points, the number of coefficients parametrizing the spectral function has to be reduced and cannot exceed N , or in other words, ρ(ω) has to be restricted to an (at most) N dimensional subspace. In Bryan's algorithm 25) this is achieved via a singular value decomposition (SVD) of the kernel K(ω, τ ). Viewed as an N ω × N matrix, the kernel is written as K = UW V T , where
and V is an orthogonal N ×N matrix. The N dimensional subspace is spanned by the column vectors of U : u i (ω n ) = U ni . These basis vectors are orthogonal but not complete.
It turns out that at small energies the basis functions diverge when ω → 0, although they are normalized. This apparent divergence is due to the singular behaviour of the kernel: in the limit that ω → 0 one finds that K(ω, τ ) = 2T/ω + O (ω/T ). Note that the leading singular term is τ independent; all τ independence resides in the subleading terms. In actual applications of MEM, we (and others) found irregular behaviour at small ω. Needless to say that this prevents access to the transport properties encoded in euclidean correlators. It is worth pointing out that this problem only appears at finite temperature, since at zero temperature the kernel reduces to K(ω, τ ) = e −ωτ and the limit ω → 0 is smooth. It is a manifestation of the fact that the limits ω → 0 and T → 0 do not commute.
Once the problem is identified, it is straightforward to solve it. The 1/ω divergence can be avoided by defining K(ω, τ ) = (ω/2T )K(ω, τ ), and ρ(ω) = (2T/ω)ρ(ω). Since K(ω, τ )ρ(ω) = K(ω, τ )ρ(ω), the standard relation with the euclidean correlator holds. However, the modified kernel is finite when ω → 0: K(0, τ) = 1. A SVD of K yields new basis functions u i (ω), which take a finite value when ω → 0. MEM now reconstructs ρ ∼ ρ/ω rather than ρ. This reshuffling of powers of ω is nontrivial, since ρ and ρ are not expanded in a complete set: the reduction step restricts ρ to a different subspace with different properties, in particular in the small ω limit.
A second (minor) modification is needed to access ρ(ω)/ω at zero ω, relevant for transport coefficients. For spectral functions of fermion bilinears, such as j μ =ψγ μ ψ, the traditional default model is m(ω) ∼ m(ω)/ω ∼ ω, determined by the high-energy behaviour ρ(ω) ∼ ω 2 . Unfortunately, this introduces a bias and puts the intercept equal to zero from the start. To avoid this, one may use m(ω) ∼ (b + ω), where b > 0 is a parameter that can be used to assess default model dependence at small ω.
We have applied the modified algorithm to the problem of the electrical conductivity (or charge diffusion) in quenched QCD with light staggered fermions and There is no dependence on the discretization along the ω axis, as can be seen from the results at N τ = 24 using N ω = 1000 and 2000 at fixed ω max . From the intercept the conductivity is found to be σ/T = 0.4 ± 0.1 with no significant temperature dependence. This result is normalized to a single flavour and should be multiplied with the sum of the electric charge squared for light flavours. The error is systematic and due to the MEM uncertainty. The statistical error is expected to be smaller. This result is indicative of strong interactions: at weak coupling the conductivity behaves as σ/T ∼ 1/(g 4 ln 1/g) → ∞, whereas at strong coupling the scale is set solely by the temperature. §4. Summary
In the recent year some progress on the extraction of spectral functions and transport coefficients from euclidean correlators has been made. I have focused here on the work I was involved in. Clearly, there are many open questions remaining. For instance, Umeda 27) emphasized the role of the constant contribution in the euclidean correlator and how it may obscure the extraction of spectral functions. Concerning potential models, Mocsy and Petreczky have performed a detailed analysis of these and argued that also the S wave states may melt earlier than seen on the lattice. 28) Finally, Laine et al. have reconsidered the derivation of potential models in thermal field theory and argued for a qualitatively different potential than usually considered, containing an imaginary part. 29), 30) 
